The three-dimensional spin-1 Ising superlattice consisting of two different ferromagnetic materials with two different crystal fields ∆ 1 and ∆ 2 is considered in the mean field approximation. The phase diagrams are considered in the (t,d 2 ) plane for different ranges of variation of d 1 (t=T/J, d 1 /J and d 2 /J are the reduced temperature and crystal fields respectively). The phase diagrams exhibit a variety of multicritical points and reentrant and double reentrant behaviours. They are found to depend qualitatively and/or quantitatively on the thicknesses of the materials in a supercell. This has direct consequences on the nature of the magnetic states of superlattices with different thicknesses.
Introduction
The magnetic properties of magnetic thin films and multilayers have attracted increased attention in recent years [1] . This is because of the easiness of their preparation made possible by the recent advances of modern vacuum science, in particular the molecular beam epitaxy technique, the novel magnetic phenomena they exhibit compared to bulk materials, and their potential technological importance. The unusual magnetic properties of these artificial materials are mostly attributed to surface and interface effects, to the reduced dimensionality and to magnetic interactions.
The thickness dependence of most of the properties of these materials is now an established fact. For instance, magnetization measurements of a series of Fe films [2] show that the magnetic moment of Fe depends on the thickness of the film. In ultrathin Ni films grown on Cu(001) [3] , a sharp spin reorientation transition at small film thicknesses (from 5 to 7 monolayers) from in-plane to perpendicular magnetization was observed. At much higher thicknesses (from 35 to 70 monolayers) the magnetic moments reorient gradually and become again parallel to the surface. In superlattices with magnetic layers separated by non magnetic spacer layers, the coupling between two magnetic layers oscillate generally in sign as a function of the thickness of the spacer. This is the case, for example, of the epitaxially grown Gd/Y superlattices [4] . Also, a systematic study of EuTe/PbTe superlattices [5] , shows considerable changes of the Nel temperature depending on the number of monolayers of EuTe and PbTe in a supercell.
The experimental activity on these new materials has been accompanied by significant theoretical effort in order to understand their novel properties. Besides, theoretical work has been devoted to the investigation, on thin film and multiplayer geometries, of known interesting models. This has led to the prediction of new interesting physics.
The Blume-Capel (BC) model for spin 1 is an Ising system which takes into account the single-ion crystal field anisotropy. It has been investigated in detail using many approximate methods, namely mean field approximation [6, 7] , high temperature series expansion [8] , constant-coupling approximation [9] , MonteCarlo [10] and renormalization-group [11] techniques. All of these approximate schemes suggest the existence of a tricritical point in the phase diagram of the model and the instability of the ordered phase beyond a critical value of the anisotropy parameter. On the other hand the BC model has been investigated on semi-infinite lattices with modified surface coupling. Several approximate methods have been used [12] (and references therein). All of them show the possibility to have a phase with ordered surface and disordered bulk, and show the existence of the so-called 'extraordinary', 'surface' and 'ordinary' transitions, and of multicritical points called special points [13] . More recently, with the increased interest in thin films and multilayers, many works have been devoted to the influence of the crystal field on the phase transitions of magnetic films [14] [15] and superlattices [ [16] [17] .
In an earlier paper [18] , we considered an Ising spin-1 multilayer (having L layers) with an alternating crystal field: ∆ 1 on the odd number layers and ∆ 2 on the even number ones. A rich phase transition behavior has been reported there and some novel properties( such as the absence of the tricritical point in the paramagnetic-ferromagnetic transition line and the stability of the ferromagnetic phase at low temperatures for some regions of the parameters of the model, the appearance of the reentrant and double reentrant phenomena and the presence of multicritical and critical end-points) have been found. In the present work, we address our attention to the physical question of the thickness dependence of all those results. The system we consider is a superlattice consisting of two different ferromagnetic materials A and B of different crystal fields: ∆ 1 in A and ∆ 2 in B. The supercell contains two slabs of materials A and B having different thicknesses: M and N layers respectively. To get rid of complications due to effects which we don't want to take into consideration (boundary conditions at the surface layers and the parity of the total number of the slabs of the two materials) we consider a three-dimensional superlattice. We find that many of the results mentioned above change qualitatively and /or quantitatively with the variation of the thicknesses of the slabs in a supercell, and that novel phenomena may take place. The rest of the paper is organized as follows. In section 2 we present the model and give the mean field equations of the different order parameters. In section 3 we present the results. Section 4 is devoted to a conclusion.
Model and method
The system we consider (Fig.1) is a superlattice consisting of two different ferromagnetic materials A and B stacked alternately: the unit cell consists of an arbitrary number M of layers of matarial A with the crystal field ∆ 1 , and an arbitrary number N of layers of material B with crystal field ∆ 2 . For simplicity, we focus our attention on the simple cubic structure. The Hamiltonian of this system is given by
where S i = ±1, 0. The first sum runs over all pairs of nearest-neighbors and ∆ i is the crystal field which takes the value ∆ 1 on the layers of A and ∆ 2 on the layers of B. The periodic condition suggests that we have to consider only the unit cell of thickness L=M+N. The mean field equations of state are straightforwardly obtained and are given by
with
and
to ensure the periodic condition
In these equations, m k (q k ) is the reduced magnetization (quadrupolar moment) of the k th layer. z is the interlayer coordination number (z=4 for the case of the square layers considered here). The reduced total magnetization is m = 1 N N k=1 m k . The reduced free energy of the film is given by
3 Results and discussions
We will be interested in the phase diagrams in the (t, d 2 ) plane for different ranges of variation of 
where the spins of the sites of the M layers of the slab A and the N layers of the slab B are all equal to 1.
The stable configuration is 1 M 0 N , where the spins of the slab A are all equal to 1 while those of the slab B are all equal to 0.
One of the specificities of the superlattice geometry is worth to note here. Material A in bulk with d 1 > 3 is non magnetic at zero temperature, but inside a superlattice it may be ferromagnetic up to d 1 = 3 + 1/M (Fig.2 ). This is an interaction and reduced dimensionality effect: d 1 may take higher and higher values for thinner and thinner slabs of material A. For finite temperatures the transition lines are determined by solving numerically Eq.(2) which may have more than one solution. The one which minimizes the free energy (Eq. (7)) corresponds to the stable phase. Transitions of the second order are characterized by a continuous vanishing of the magnetizations while those of the first order exhibit discontinuities at the transition points.
In order to describe the different entities in the phase diagrams, the Griffiths notations [19] will be adopted: the critical end-point B m A n denotes the intersection of m lines of second order and n of first order. The multicritical point B m denotes the intersection of m lines of second order. The tricritical point, which is the intersection of a line of second order and a line of first order, is denoted in particular by C.
In addition, each phase will be represented by the juxtaposition of two expressions each one giving the state of a slab A or B in the unit cell. The notation (F M )(F p 0 N −2p F p ) means that the slab A is in the state (F M ) (i.e. its M layers are all in ferromagnetic states), and the slab B is in the state (F p 0 N −2p F p ) (i.e. the first p layers of B, and the last p ones because of symmetry, are all in ferromagnetic states while the N − 2p inner ones are all in the non magnetic state 0). A layer in the non-magnetic state 0 has a vanishing magnetization and quadrupolar moment. In the paramagnetic state P only the quadrupolar moment is non vanishing, and in the ferromagnetic state F both quantities are non vanishing.
In what follows, we will give the phase diagrams in the (t, 
trc (e.g. Fig.3(a) ), the system presents the paramagnetic phase (P M )(P N ) and the ferromagnetic ones (F M )(F N ) (called the ordered phase) and (F M )(F p 0 N −2p F p ) (called the partially ordered phases). The system transits from one ferromagnetic phase to another when a certain layer, and its symmetric, transits from the non magnetic state 0 to a ferromagnetic one F. There is a critical line separating the paramagnetic phase (P M )(P N ) from the ferromagnetic ones. The ordered phase is separated from the partially ordered ones by a transition line of first order at low temperatures, which meets a critical line at a tricritical point. The critical line meets the paramagneticferromagnetic (P-F) transition line at a multicritical point of the type B 3 . The partially ordered phases are separated by critical lines, each one representing the transition of a layer, and its symmetric, from a non magnetic to a magnetic state. These lines end, at low temperatures, at some tricritical points and end at some multicritical points of the type B 3 on the P-F transition line. They furthermore present the reentrant behavior near the P-F transition. Note that the first order line, which meets the d 2 axis at d 2 =3+1/N, presents an inclination inside the ordered phase (F M )(F N ). This means that, contrary to the zero temperature case, some layers of the slab B may be non magnetic even for d 2 less, but close to 3+1/N, at low temperatures. This also means the existence of the reentrant behavior where for d 2 close to 3+1/N the system, at the beginning in the ordered phase (F M )(F N ), transits to some partially ordered phases and then returns to the ordered one. This is clarified by the inset in Fig.3(a) . It has been found that this behavior does not exist for small values of N (e.g. N=2) in which case the first order line mentioned above is parallel to the t-axis. The topology described here is characterized, contrary to the ordinary Blume-Capel model, by the absence of a tricritical point in the (P-F) transition line. The value d trc some of the lines of transition (F-F lines) separating the ferromagnetic phases end at some multicritical points of the type B 3 on the (P-F) transition line, but some others end at points of the type BA 2 [e.g. Fig.3(b) ]. For higher values of d 1 , all the F-F lines end at the multicritical lines of the type BA 2 on the P-F line [e.g. Fig.3(c) ]. Finally for d 1 close to (3-1/M), some partially ordered phases disappear ((F 5 )(F 4 0F 4 ) in the case of M=5, N=9). This is true only for thick slabs of material B and means that the inner layers of this material can not be driven to the ferromagnetic state by the temperature. In the other hand, the transition line separating the ordered and the partially ordered phases is now of totally first order, and meets the (P-F) line at a triple-point A 3 [e.g. Fig.3(d) ]. Such topology does not exist for small values of N (N ≤ 7). Fig.4(a) for M=2 and N=9) , and for values of d 1 close to (3 + 1/M ) for high values of M relatively to N (e.g. Fig.4(b) for M=9 and N=2). 4) For d 1 > 3 + 1/M many types of topology are found for M=5 and N=9, all of them have a (P-F) transition line containing a tricritical point C and meet the d 2 axis at d 2 = 3−1/N . Some of the ferromagnetic phases (0 5 )(F 9 ), (F 0 3 F )(F 9 ), (F 2 0F 2 )(F 9 ) or (0 5 )(F 9 ) may appear in the phase diagrams depending on the values of d 1 . For d 1 close to (3+1/M), all of these phases exist and are separated by critical lines of approximately constant temperatures which meet the P-F transition line at three critical end points of the type (BA 2 ) [e.g. Fig.3(f) ]. With increasing d 1 , the following changes take place, -the ferromagnetic phase (F 5 )(F 9 ) becomes totally inside the phase (F 2 0F 2 )(F 9 ) which exhibits an island behavior [e.g. Fig.3(g) ].
-The phase (F 2 0F 2 )(F 9 ) becomes itself totally inside the phase (F 0 3 F )(F 9 ) and two islands then appear [e.g. Fig.3(h) ].
-The ferromagnetic phase (F 5 )(F 9 ) disappears from the phase diagram [e.g. Fig.3(i) ] -The phase (F 2 0F 2 )(F 9 ) disappears too, and only the two phases (0 5 )(F 9 ) and (F 0 3 F )(F 9 ) still exist. They are separated by a critical line which meets the (P-F) transition line at a (BA 2 ) point [e.g. Fig.3(j) ].
-The latter line exhibits a reentrant behavior and the phase (F 0 3 F )(F 9 ) becomes totally inside the (0 5 )(F 9 ) phase [e.g. Fig.3(k) ].
-The phase (F 0 3 F )(F 9 ) disappears and the topology becomes of the ordinary BC type, but now with the partially ordered phase (0 5 )(F 9 ) at low temperatures, instead of the ordered phase (F 5 )(F 9 ) [e.g. Fig.3(l) ].
For general values of M and N, analogous phase diagrams are found, the number of the ferromagnetic phases which appear in these diagrams depends obviously on M and N and depends on d 1 . For some values of M and N, the (P-F) transition line may exhibit the reentrant or double-reentrant behaviors for d 1 close to 3+1/M. This is the case, for example, for M=9 and N=2 (Fig.4(b) ).
Conclusion
We have studied, using the mean field theory, the phase diagrams of a spin- 
The solid lines are of second-order, the doted ones are of first-order. Filled circles are the tricritical points, empty circles are the B 3 multicritical points, filled squarres are the BA 2 critical end-points and the empty squarre is the A 3 end-point. 
